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T 1 R! [to,t1]

g:f(-,-) T xQ S

£(t) —€&(to) = /t 5(7")d7“+/t y(r)dw(r), t € T
B(t), v(t)

11 t1
E |B(r)|dr < o0, E Iv(r)|?dw(r) < oo
to

to

FO) ot 3 o
)
d¢ = B(t)dt +y(t)dw, t € T (1)
§ n 1)

d
dg = Bi(t)dt + Y vij(t)dw;, i=1,2,... ,n, teT (2)

j=1

d

£: (517"' agn)ta w = (wla"' )wd)t
t ﬂ ﬁ:(ﬂla"‘wgn)t v

2.1 ( )
¢ ch? n(t) = Y[t,&(t)] s 3 1)

A = (1, 60+ i EONE + e (1, E(1))ECE,
= Gt 60+ a8 EONBON+ St 6O (Bt + (1,61 ()

0132 Y(t, ) TxS Yt s, hxx T XS )



(Ito’s lemma) 2
n 2 dt? =~ 0, dwdt ~ 0
dgdg dg(t)dg(t) = v*(t)dw(t)dw(t) = v*(t)dt 2
t

Ve = (Yays- - Ve, ), Qij = Z’Yil’}’jl

=1

dn = Pt E(1)dt + P (t, E(1))dE + = Zwmgtg )dé;dg;,
’Lj 1

= Gt )+ Z% (1, EONB0t + 5 D g, (1,0t

ij=1

+ Zd}m t f Z’)’zl dwl

B,y 3
d& =b(t,&(t))dt + o(t,&(t))dw (3)

w 1

d
d& = bi(t,g(t»dt + Zdij(t,f(t»dwj‘,i = 1,2, oo

Jj=1

§(to) 3 )
( ) Lipschitz
3 r £(r) r
S1 < 82 <
e L<spy<teT B < B(S)
Pr(£(t) € B[ &(s1),- - ,&(sm)) = Pr(£(t) € B | £(sm)) (4)

£

P(s,y;t, B) = Pr({(t) € B[&(s) =)

Karatzas and Shreve(1991) 5
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( ) Sat’B P(S,';t,B) N Svyvt
P(Svy;ta') S

P(S,y;t,B)Z/P(T,w;t,B)P(S,y;ndﬂc)
S
t—s

P(s,y;t,B) = P(0,y;t — s, B)

1
(duffusion process)
2.1 ¢( )
(1) (2) a”(t,x),bl(t,x),z,j: 1,
5
(1) e>0 teT x € R
lim A7t P(t,z;t + h,dz) =0,
h—0% lt—z|>e€
(2) e>0 teT x € R"
lim (zi —x;)P(t,z;t + h,dz) = b;(t, x),
h—0" |lz—z|<e
lim (zi — x:) (25 — ;) P(t, x5t + h,dz) = a;;(t, z)
h—0* le—z|<e
a;;(t,z),bi(t,x),i,5=1,...,n
b= (b1,...,bn) (drift parameters, infinitesimal mean)
a = (a;;) (diffusion parameters, infinitesimal variance) (1)
€
(1)
lim |z — z||?P(t,z;t + h,dz) = 0,
=07 Jllz—z )| >e
b(t,&(t)h  alt,E@)h £(t)
§(t+h) —£(t) E[g(t+h) —£@®)E@)] Cov[€(t+ h) — £(B)[E(?)]
a
d
A5 = Zailalj7 Lj=1,...,n
=1
5 Karlin and Taylor(1981)



S
V(S)
U] = sup,es|¥ ()]
S U(z) S
S. () = [ W@)P(s.yit.dz) = B WIE()
E,, £(s) =y
Ss,t = Sr,t(Ss,r), s<r<t
V(S)
6 S U(t,z),zeS
. See+n¥ — S ¥
U= ] Zutrh ™ FLLT
ADY = lim, P
St,t =1 v
Ss,t—i—h\I/ - Ss,t‘lj _ St,t-‘rh(’s’s,t\l/) - Ss,t\I/
h h
u(t,x) = S5 ¥(x) h
Ou(t, x) B
5 A(t)u(t, x)
A(t)
7
2.2 ( )
b= (bi) a = (a;)
3 b a
1 & 0% " o
At)¥ = 3 ij2:1 aij(taf)m + ;bi(tf)a—xi
vo¢ 02

6
QDksendal(2005)
7

(infinitesimal generator)

15

AW = limp,_ o+ [(Boc¥(t + ) — o)/
Dksendal(2005) 7

Qksendal(2005) 7

Karlin and Taylor(1981)



T
Tz (w) = inf{t > 0; £(¢) # x}
x t Px(ng > t)
P.(rp, >2t) = e~ M)t

T /\(l‘) Em(Tm) = 1/)\(36) Ta

A(x) =A W(l‘,E) = 6m+1(E)

J) A

d(t,z(t)) = u(t, 2(t))dt + o (t, 2(t))dE  + %awm(t, a(t))dt
+ MY, @) +J(@) —v(t-, £(t-) + J(t-))}dt,
J t Jt)=Jt-)+1
Dynkin & (3) n(t) = ¥(t,&(t))

n

dn = (b, €Ot + a6 EOW N+ 5 gt e (0, ()t + v (1, E(0))or (1, (1) o,

,j=1

B E(E)) — (s, (5)) = / e + A(r)p(r)]dr + / boduw



2.3

b,a ( ) ¥ o2
(s,9)
By [ e+ A0t < oo
V(o) = ~Euy [ 0+ A1+ Byt 60) (5)
Dynkin
- 8 (
) 3
(Q,F, P) X Z P(Z>0)=1, EZ=1
p
P(A) = / Z(w)dP(w), A € F
A
P(A) = E[Z14] 14 A 1 0
p (Q,F,P) P p
P
o X
P EX P EX
EX = E[XZ]
Z (Radon-Nikodym derivative)
dP
2=3p
t F(t)
Z(t) = E[Z|F(t)], 0< t <T

0<s<t <T

E[Z(t)|F(s)] = E[E[Z|F)]|F(s)] = E[Z|F(s)] = Z(s)
Girsanov
10
8Dynkin

9Radon-Nikodym
10

Royden(1968)
Shreve(2004)
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2.4 (Girsanov )

w(t), 0<t <T (Q,F,P) F(t)

o) F(t)
Z2() = expl— /O @(u)dw(u)—% /0 02 (u)du},

w(t) = w(t)+ ; O(u)du

Z = Z(T) EZ =1

@(t) disdis = dt dZ(t)

ds
5 = adt + odw

S(t) = S(0) exp{ /0 odw(s) + /O (a- %ﬁ)ds}
t ( ) r(t)

%D = —r(t)dt D(t) = exp{ /O —r(s)ds}

D®)S(#) = S(0) exp{ /0 odw(s) + /0 (a—r(t) - %a%ds}




© Girsanov

p W
D(#)S(t) E[D(1)S(t)] = 5(0)
dw = dw — Odt
as(t) -
S0 r(t)dt + odw(t)
P
D()S(t) = E[D(T)S(T)|F(t)] = E[Z(T)D(T)S(T)|F(t)],

Z(T)D(T) (stateprice density) a(t) = a,r(t)
ro(t)=o 0=(a—r)/o

Z(t) _ 670t702t/2, D(t) — efrt,

(t)
T
T (t0, 20, U) = Eg o] / L(t,€(t), u(t))dt + B(T,£(T))]
u
ult) = u(t, £(t))

(to, {Eg) T
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Q" U )

d§ = f(t,&(t), u(t))dt + o(t,&(t), u(t))dw (8)
ft,z,u),o(t,z,u) C*

1(£,0,0)| < C, |lo(2,0,0)]| < C
[fell + [ full < C; loall + lloull < C

C

W (s,y) =sup J(s,y,Uu)
u

(87 y) S u*
(s,y) € Q° W(s,y) = J(s,y,u*) (5)
=W s<t<T
W(s,y) = _Esy/ (Ws(r, £(r)) + A(r)W (1, €(r))]dr + Es, W (t,(2)) 9)

() = { u(r, x), r<t,

Esy [/t L(r,&(r), u(r))dr + ®(T,(T))] = Esy[Et,f(t){/t L(r,&(r), u(r))dr + ©(T,¢(T))}]

J(s,y,u1) = Egy [ L(r,&(r),u(r))dr + Eg,J(t,&(t), u™)

S

W(t,£(t) = J(t,£(2),u”)

W(s,y) = J(s,y,U1) = Esy [ L(r,&(r), u(r))dr + Es, W (t,£(1)) (10)

(10) (9)

0> B, / Wa(r, () + AW (1, £(r)) + L(r, £(r), u(r))dr]
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t— s v = U(S,y)
0= W, + A(s)W + L(s,y,v)

v=U*(s,y)

W + sup[A(s)W + L(s,y,v)] = 0

velU

W(T,y) = ®(T,y)

(11) - - (Hamilton-Jacobi-Bellam;HJB)
A
1 PV & ov
U= ig\$ Y V) 53— — i\, Y, V) 73—
AN =5 3 aslsalzon + 3 i
3.1( )
W(s,y) ( - - )

W+ max[A(s)W + L(s,9,v)] =0, (5,9) € Q"

(1). u (s,y) € Q°

W(s,y) = J(s,y,u)

(2). ur (s,9) € Q
A(S)W + L(s,z,u*) = rglea[}([A(s)W + L(s,z,v)]

W(s,y) = J(s,y,u*) u*

Fleming and Rishel(1975) u
u
(8) u

T
J(0,20,U) = Eo a0 /0 L(t, £(t), u(t))e~P'dt + &(T, £(T))e 7]
p

T
W(s,y) = sgp Esy[/ L(t, &(t), u(t))e_p(t_s)dt + ®(T, §(T))e_p(T_s)]e_ps
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V(s,y)

T
V(s,y) = sup Eyy / L(t,&(t), u(t)e "= dt + &(T, &(T))e T ~)]

W(s,y) =V(s,y)e

(11)

Vs + max[A(s)V + L(s,y,v)] = pV (s, 9)

F(s,y,u) = Esy[/T L(t, £(t), u(t)e P9 dt + &(T,£(T))e P T
F
V(s,y) = sup F(s,y,u)

T

Fs+dt,y +dz,u) = Esraryde / L(t, &(t), u(t))e? =Mt + (T, £(T))e "=~ ]
s+dt

s+dt
F(s,y,u) = By / L(t, &(t), u(t)e P dt + e PUF(s + dt,y + dz,u)]
dt

F(s,y,u) = Egy[L(s,&(s), u(s))dt + e PUE (s + dt,y + dx,u)] + o(dt)
V(s,y) = sup Eqy[L(s,&(s), u(s))dt + e *¥V (s + dt,y + dx)]

V(s+dt,y+dz) =V(s,y) + dV(s,y) + o(dt)
(14)

Vis,y) = Sup Eyy[L(s,&(s), u(s))dt + e P"V (s, y) + e "*dV (s, y)] + o(dt)
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2 3
—pdt _ 1 _ (pdt)*  (pdt)
e =1 pdt + 2 — e

V(s y) = sup Euy[L(s, £(5), u(s))dt + (1 — pdt)V (5,y) + dV (s, y)] + o(dt)

dt — 0 (14)
PV (s,9) = max {L(5,,v) + T Euy[dV (5,)]}
(15)
(15) v (s,y) (15) (13)
4
Merton(1973b)
(1).
(2).
— =oadt+odz
a o?
( ) a o
(3) T T B(7)
ng =r(r)dt+op(r)dw(t;T), 7=T—t
r(7) op(T)?
dw(t; T) r(T)
1

dw(t; 7)dw(t; T) = prrdt, prr < 1lfor 7 #T.

dw(s;T)dw(t;T) =0, for s #¢; dw(s;7)dz(t) =0fors #¢

14

(15)

dz



B(0)=1 op(0)=0
r(r)=r,op =0 B(r)y=e""
a, o, r(1), op
(z,w)
dw dB = rBdt
r H B
T=T-—t E H=H(S,E,t)
H
1
dH = HgdS + H:dt + EHsstdS
H, T

dSdS = 025%dt,

dH

T = agdt + ogdz

ag = [Ht + %stszs + aSHs]/H,

og = O'SHs/H

n1 n2 n3
ny+ng+ng =0 ay
dsS dH dB
dY = TL]_? +n2? —‘rngf
dS, dH, dB ng = —N1 —Na
dY = [ni(a — 1)+ ne(ag — r)]dt + [n1o + naogldz
nio +ngog =0
dYy =0

ni(a—r)+na(ag —r)=0

15



a—r ag-—r

ag, O Black-Scholes
H,+rSH, + %0’252HSS =rH
T
H(S,E,T) = max(S — E,0); H(0,E,t)=0
11

4.1 (Black-Scholes )

H(S,E,T) = max(S — E,0); H(0,E,t) =0
(17) (S, E,t) = H(S, E,t)
¢(S,E,t) = SN(dy) — Ee"""N(dy), 7=T—t
N()
_ In(S/E)+ (r+ 30°)1

dy = —d —
1 U\/F ,  da 10\/7_'

X AS (A ) X —AS

dt
dX = A(t)dS(t) + r(X(t) — A(t)S)dt = r X (¢)dt + A(t)(a — r)S(t)dt + A(t)oSdz
e "t X(t)
de ™™ X(t) = —re " X (t)dt + e "dX (t) = A(t) (o — r)e S (t)dt + A(t)oe " S(t)dz

S ( E T
) c(S, E,t) c(S, E,t)

1
de(S,E,t) = ci+cgdS+ §Cssd5ds

1
= [+ aScs+ 50252633]dt + oScsdz

111960 Samuelson 1960 70
Merton Black  Scholes(1973)
Black-Scholes(1973)
Merton(1973b) Black-Scholes-Merton
Merton(1990)

16
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e "te(S, E,t)
1
d(e™"e(S, B,t)) = e "'[~rc + ¢, + aScs + 50252055]& +e "oScsdz

X c t
e "X (t)=e (S, E,t)

(e~ X () = d(e~"¢(S, E, )
X(0) = ¢(S(0), E,0) (19)  (20)

A(t)(a—7)S(t)dt + A(t)oS(t)dz = [-rc+ ¢t + aScs + %st%ss]dt + oScgdz
A(t) = CS(SaE)t)

1
At)(a—71)S(t) = —rc+ ¢t + aSes + 50252055
Black-Scholes
(S, B, 1) + rS(t)es(S, B, t) + 3025%55(5, B,t) = re(S, B, )

A= Cs
Black-Scholes(1973)

Black-Scholes
D(t) = exp{—rt} (19)

d(D(t)X (t)) = A(t)oD(t) X (t)dz

0= (a—r)/oc di=dz+0dt P F
( ) D)X (t)
D(t)X(t) = E[D(T)X (T)|F(t)]
d(D(t)X(t)) = d(D(t)c(S(t), E, 1)) X(0) = ¢(5(0), E,0) Dc

exp{—rt}c(S, E,t) = E[exp{—rT} max(S(T) — E,0)|F(t)]

Black-Scholes 12

12 Shreve(2004) 5

17
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dS = (a — 6)Sdt + odz

day
H55Sdt (16) afg
1
ag = [H + 5025215{53 + (o —6)SHs]/H
1
Ho+ (r = §)SH, + 50°S*H,y = rH (21)
Black-Scholes-Merton
c(S,E,t) = e "SN(d)) — Ee"""N(dy), 7=T—t
dlv d2
In(S/E — 64 102
dlzn(/ )+ (r —&-20)7’ dy—dy — o7
oVT
13 ) ”Covenience Yield”
”Covenience Yield”
14
Merton(1973a)
ICAPM (Intertemporal Capital Asset Pricing Model)
i
Q; Q; =T = ApimMO; pim
1 ag; ) A
A= (ap —7r)/om o
oM
13 Merton(1973b) Shreve(2004) 5
14 Brennan and Schwartz(1985)
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Q;

T ( ) E,
s C(s) H(S(0),C(s),s)
t H(S(t),C(s),s—1)
H(S(t),C(s),s —t) = e "D Eym(s).
E; t
C(t)
H (C(s) S

1
dH = Hydt + agSHgdt + §J§S2Hgsdt + 05SHgdzs
dH = agHdt + ogpHdzg

H

1
ag = [Ht + OéSSHS + §U§S2HSS]/H

0% = (0sSHg/H)?

C(t) H
H Black-Scholes-Merton McDonald and Siegel(1985)

19



dH/H dS/S

_ Cov(dH/H,dS/S) oposE[dzsdzs] 1
- ogogdt o orogdt -

PHS
H
opmdt = Cov(dH/H,dM /M) = cgopy El|dzsdzy| = ogonpsardt
PHM = PSM
pumon = psm(osSHs/H)

H ICAPM

ag —Tr= APHMUH

A PHMOH  QH

H, + (r — 8)SHs + %U%Sszs —rH (22)

d=apg—as; ag=r-+Apsm0os
(22) Black-Scholes-Merton
H(S(s),C,s) =max(S(s) — C,0)

Black-Scholes

V(S(t), C(t), )
V(S(t), C(t), ) S(#)
16 t V(S(t),C(t),t)
1
n
Y=V -nS (t,t + dt) dY = dV — ndS
m(t)dt
16 Brennan and Schwartz(1985) Dixit and Pindyck(1994)

20



dV —ndS + n(t)dt — onSdt = [V, + %O’%SQVSS + agSVs — nagS — énS + w(t)|dt
+ (Vso'ss - nasS)dzs
n = VS 2
r(V —nS)
1
W+§J§52V55+(7‘—5)5Vs+ﬂ(t) =rV (23)
V' Black-Scholes-Merton
0 |4 t
V,=0 17 t S<C
w(t) =0
%U%S%fss + (7’ — 5)SVS =rVv (24)
t S>C
1
50@521/55 +(r—90)SVs+S—-C=rV (25)
(24)
V(S,C) = A158°% 4+ A,8P2
A1, Az B, Bo
1
50508 —1)+(r=8)8—r=0 (26)
61 < B2 01 <0, B >1 S<C S—0
v A1 =0
V(S,C) = A,5%.
(25)
V(S,C) = B1SP* 4+ B,S™ + % - g
(25)
B, Bs S B2 >1
By #0 \% By=0
V(S,C) = B1S§" + ? - %

17

21



t 18

Et/ S(t—|—s)6_”sds:/ S(t)e*s%e s
0 0

H—as

p=r+Aospsm

0=p—ag t
S()/6—C/r
) \%
BSh 45 ¢ S>C
V(S, C) _ 1 + S - 9 >
AySP2, S<C
B Ay, S=C
St)=C
V(S,0) S(t)
A25ﬁ2 _ Blsﬁl 4 § _ g
6 r
v(s,c) Sk =cC
AyB28%7 = B8P + %
19 Az, By
CtPe —-1 Cct— —-1
Ay = B B ) By = B2 B2
Bo—0B1 T d Bo—0B1 T 0
r, 0, C V(S,0C)
20
Dixit(1989)
S > Sy
w Black-Scholes-Merton
1
§0§S2WSS + (7" — 5)SWS = rWw,
1
502521/55 +(r—6)SVs+S—-C = 1V
18
19 (Black-Scholes-Merton )
Karatzas and Shreve(1991) 4.4.9
20Dixit and Pindyck(1994, Chapter 6) r=686=0.04, C =10

22

)

S>C
Su

os =0, 0.02, 0.4

C/r

S<C

(27)

(28)

S < S



W(s,C) = ASP2, S<§; :
s, S C
V(S,C) = BS1+E—7, S>Sy
Ce
W(Su) = V(Su)—ce; V(SL) =W(SL) — co,
Ws(Su) = Vs(Sm); Vs(SL) = Ws(SL)

Sy >C+rce; S <C —re,

21 SH SL
Sy St

Black-Scholes-Merton

ds
< = (ag — p+r)dt +osdzg

ag—p+r=r—>9
1
m+(r—5)5VS+a§52§Vss+n(t) =7V

Black-Scholes-Merton

Co

SHa SL

bang-bang(Ss)

Black-Scholes-Merton

21 Dixit(1989)
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K L  Cob-Douglas

Q==LK'""™ 0<a<]l.

Pt)=Q)=/9(t)?,6 > 1, ¢ >0

P
£>1 o(t)
% = qpdt + opdzg
ng
22 t
~(t) = POYQ(L) — wL(t)
L(¥) t w
L(t)

T
X(t) = Et/ w(t + s)e Hds
0

22

§=9¢/(¢—1)

24

v>1



1 ™
dm 1
—= {yag + Ev(v — 1)o2}dt + yopdzg
—us 1 2
Eer(t 4 s)e™* = n(t) exp{ra + 37(y ~ 1o3}s - s}
07 (t
x(t) = k20 _feax—nr 1y
ax — W
1 2
ax =7ag+ 57y~ 1)og
ax < W
X
dX
— = axdt+ oxdzy (32)
X
ox = 706
K
dK
— =agdt+ogdzi (33)
K
dZK
J(ﬁo) = C_HtOEO max[X(tO) — K(ﬁo), 0}
( to
VXX;KJ):I%me—ﬂw—ﬂEﬂnquu@-<Ku@,m, 0<t<tg
0
1 1
Vi + n}fax[VXaXX + Vkag K + §VX)(J§(X2 + EVKKU%(K2 +VxxkXKoxk] =puV
o
ax, 0x, 0K, OK, OXK Vi=0
1 1
n}fax[VXaXX + VKaKK + EVXXUE(X2 + §VKKO'§(K2 + VXKXKUXK} = MV (34)
o

AV — N1 X — N,K) =

N

dV — N1dX — NadK

Ny

1 1
= (VX —Ny)dX + (Vg — Ng)dK + [Vt + EVXXUE(XQ + §U%VKKK2 + VXKXKUXK]dt

25



N 1 = Vx, N 2 = VX
convenience yiled

AV — N X — NoK) — (N161 X + NydoK)dt
1 1
= Vi =6, VxX — &VkK + 5Vxx0’§(X2 + §VKKU§<K2 + Vxx XKoxgldt
61 X 62 K
# r(V — N\ X — NoK)dt
1 1
Vi + (r—01)Vx X + (r — 82)Vk K + §VX)(O'§(X2 + EVKKJ%KQ +VxxXKoxg =1V (35)
ax, 0x, OK, OK, OXK V(X,K,t)
Vi=0
(34) (35)
(34) ax, K, 1 (35) r—201, 102, T
(34) X K
i (35)
X K
dX
< = (r—o1)dt + oxdzx (36)
dK
% = (r—d2)dt + ogdzg (37)
V(X,K)=X - K
24 14
Vx(X,K) =1, Vg(X,K) = —1
(35) V(X,K)
X K 1 a X' =aX, K' =aK
V(X,K)=Kv(z), z = X/K
23
(CAPM )
81 =7+ AoxpxM — ax, 2 = MoK pKM — aK A

24V t

26



07 /62

= 220" (z) /K

Vx = '(z), Vg =v(z) — 20 (),
VXX = U”(l‘)/K, VXK = —xv"(x)/K, VKK
(35)
%(03( + 02 — 20x )%V () + (6 — 81)2v () — dav(z) = 0
v(z)=z—-1
V'(z) =1, v(z) — 20 (z) = -1
v(z) = Az

%(ai +0% —20xK)B(B—1) +

>1

(02 —61)B—02=0

Bi, B2 B2

27

v'(z) =1

B <



f(B2,0) = (1/2)0%B2(B2 — 1) + (02 — 61)B2 — 62 = 0 o

o1 0 Of _

B2 0o 0o 0

of _02\/(1_M)2+%>0

0By 2 o2
% :Uﬁg(ﬁg — 1) >0
0p2
o <0
[ ﬁz ﬂ2/(ﬂ2 - 1)
X/K 0% +o% —20xk
z 26 t
X(t) = k(’ggt) {1-eT}, 6 =p—ax
o(t)
6" (to) —51 B2
kT{l — € 8 T} Z mK(to)
to
7 3

Pindyck(1982) Abel(1983, 85) Abel and Eberly(1994, 96, 99)
Arrow(1968 )

26 MacDonald and Siegel(1986) Dixit and Pindyck(1994) z
Sakar(2000)

Gryglewicz et al(2008) Wong(2007)
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Bernanke(1983) Bertola and Caballero(1994) Abel and
Eberly(1996) Abel et al.(1996)

L R(K (1), X (1)) Kt L)
¢ X (%) ¢
y=F(L K)=LK'" 0<a<]1. (39)
P(t) = Q)X (6)%,6 > 1, ¢ >0, (40)
P(t) t Q(t)
¢=1 p=1 Q=Ny(N=1
w 7(K,X) = P(t) LK~ — wL(t)
(K (1), X () = hX (t) K ()", (41)
a ol a o
h o= (1—=)(==)&/0=3)
-G
_ ¥
v = pra— > 0,
l1-a
= 1
B = s—os
g >0, <0,mx >0 v>1
v<l1 v>1
e>1-a/¢
27
AX(£) = px (X(8))dt + o x (X (£))dz, (42)
27 Abel(1983), Abel and Eberly(1994), and Caballero and Pindyck(1996) v =1 Abel and
Eberly(1996,199) v <1 T Caballero(1991) v > 1
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px(X) =pX, ox(X) =0xX.
dX(t) = u(px — X(t))dt + ox X (t)dz(t),
L 115¢ ox

dX = (ux — Me)X (t)dt + ox X (t)dz(t) + kX (t)dN (t),

(I, K) oI,K) I I=0

lim ¢;(0+ h, K) > lim ¢;(0—h,K), h>0
h—0 h—0

V(K (s),X(s)) = HlIaXES[/OOO{ﬂ'(K(t +5),X(t+5)) —c(I(t+s), K(t + s))}e #dt]

E; S "
v

pV(K,X) = max {n(K,X)—c(I,K) + %Est}
(K, X)—c(I,K) EdV/dt

Ve + max[A(s)V + (K, X) - (I, K)] = uV (K, X),

1
A()V = (I — 0K)Vi + pux(X)Vx + 30 (X)*Vxx.
V., =0

max[m(K,X)—c(I,K)+ (I —dK)Vk + ux(X)Vx + %Ox(X)QVXx] = uV (K, X),

30

(43)

(44)

(46)



q="Vk q q I
(K, X) = Vi — (I, K)
I (=Vk) K I" =1"(q, K)
CI(I*aK) =q
q [CI(O7K)_aCI(O7K)+]

CI(I*vK):(L Whenq>c[(07K)+?

I* =0, when ¢;(0, K)* > q > ¢;(0,K),

cr(I*,K)=¢q, whencr(0,K)” >gq

q>cr(0,K)* q<cr(0,K)”
Ss qu :CI(O7K)+
ql :CI(O’K)_
q (48) K

1
(K, X) —cx(I*,K) — 0+ q(I* — 6K) + pux(X)gx + zox(X)?qxx = pq.

(49)

2

A)g+ g (K, X) —cx(I",K) — (u+6)g = 0.

- q

q(t, K, X) = Et[/ooo{WK(K(t +5), X(t+5)) —cx(I(t+s), K(t + s))}e~ W qs]

a1t K +b61+mItK2,
C(LK) = 0,
as K + ng—F’I]Q‘I"YlK’YZ,

ai,as > 0, b1 > by >0,7]1,772 >0

limy o (T, K, X)e~ (0T =

when I >0
when I = 0, (the gross cost function of investment)
when I <0

Abel and Eberly(1994)
a; = az =72 =
biI +mI"™,  whenl >0
c(I,K)y=cI)=1 0, when I =0,
bol + mo|I|7*, when I <0

31

(49)

(50)

(51)



bl bg

(1)1 = (g —b1)/(mm) >0, when g > by,
I =0 when by > q > bo,
(—=I*)=1 = —(g—b2)/(n2am1) >0, whenbs > g

8 =1 Abel and Eberly(1994)
B<1 2 q (49)
vB—1 L 2 2
BhXVK —0q — qroK + uxXqx + §UXX dxx = 1q
q(K,X)=AX"K""! + B(X),
1 2

L,
§JX0(0 — 1)+ px0—(6+p)=0.

2 01,62 61 >1,0, <0

X2
B(X) = BX".
A
_ Bh
p+ B8 —vux — vy —1)0%
by
q = bl)q = b2 (
X1 X2
X1
X, = by p+ B0 —vux _V(V_l)a.%(/QKl—B}l/v’
1 — V/91 Bh
X1 b1,01,1/,K
rv<l1 X1
X1
28 Mashiyama(2009)
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by < g <b

B(X) = BX"’

ba

v>1

(52)



K
K(T)=0 T t
dK (t) = —I(t)dt + o K (t)dzx + 0w /I(t) K (t)dw
2 I(t) t dzix
dw
( \%
AV (t) = ay V()dt + oy V (t)dzy
dzy dzy  dzg PVEK
I(t) k E>1>0
T
F(V,K) = max Eg[Ve " — / I(t)e Hdt]
0
K
(53) 1% (54)

Fy + I?(&)X[—I(t) + FyayV — Fgl(t)ayV
t

1 1 1
+ §Fvva‘2/vz + EFKKU%(K2 + FyxVKoyk + EFKKUiI(t)K] = uF

Ft:()

29 Pindyck(1993)
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(54)

F(V,K)

(55)



d
7 =axdt +oxdzg

1 ni n2
Y Y=F-— TL1V — ’I’L2X
dY = dF —nydV —nedX
= Fdt+ FydV + FrxdK
1 1 1
+ [§Fvva2vv2 + §FKKO§<K2 + FyxVKoyk + EFKKaﬁ,I(t)K]dt —nydV — nodX
I(t)dt + 6y, Vdt + Gana X dt
(t,t + dt) Y

Fdt + FyayVdt— Fxldt

+ (FV —ny)oyVdzy + (FKKUK — TLQXO’_)()dZK + Fgowy/ I(t)K(t)dw
1 1 1

+ [EFVVU%/W + §FKKJ§<K2 + FyxkVKoyg + §FKKoif(t)K}dt

[nlonV +noax X +1+6mV + (52’/1,2X]dt

nle\/, FKKUK:ngXO'X dZV, dZK
30

1 1 1
Fi+ FyayV — Fgl + §Fvva‘2/v2 + EFKKU%(KQ + FyxVKoygk + §FKKUaI(t)K
—avFvv — @KFKK o = 61FVV — 52FKK = T(F — Fvv — FKK)

G = axokg/ox

0y =r+dovpvy —ay, b =7+ Aoxpxm — ax

Hll(aic[_l(t)_FKI(t) + Fv(T—(Sl)V+FK(T—52—O~tK)K
t

1 1 1
+ §Fvva‘2/v2 + EFKKU%(KQ + FyxgVKoyg + EFKKU?UI(t)K] =rF

- - I

kE, iF K —-Fx—-1>0
I(t):{ - FolK —Fie—12

30

dw
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LFgko2K — F —1=0 K*(V) K < K*(V)
- - K = K*(V) K > K*(V)

1 1
Fv(T — 51)V + FK(T — 0oy — &K)K + EFvvd‘Q/VQ + 5 KKO’%K2 + FyxVKoyg =rF,

K < K*(V)
—k—kFg + Fv(r—51)V+FK(T—52 —dK)K

1 1 1
—Fva‘Q/V2 + —FKKG'%(Kz + FygVKoyg + iFKKU?ukK =rF

+ 2 2

F(V,0) =V,

lim F(V,K) =0,
K—oo

lim F(V,K) =0,
V=0

1
§FKK(V, K"olK* — Fx(V,K*)—1=0

F(V,K), Fg(V,K) K*(V)

Pindyck(1993)
\% ay = 0, gy = 0 F
9 5 R&D
31
( )
d
=z pxdt + Bomdz, + ordzr,
™
Zm 27
X 5
CAPM oM a7
w
Bom g1 272 2
dw = ——dz,, + —dzr, 0 =4/ B%02, + 07,
g g
31R&D Loury(1979) Lee and Wilde(1980) Reinganum(1983) Dasgupta and

Stiglitz(1986) Dixit(1936)
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d
a_ pxdt + odw.
™

I CAPM

n—=px
n—=px
R&D
R&D
R&D 1
R&D
R&D ( )
Cr R&D
A
K R&D I
K I 32X\t
K(t)
i
JQﬂ:CF+/‘Hﬂm,
Ty
R&D
Eole " { [ (VNK,T) — I(t))e EDET)o=nt=T1) g _ O},
Ty
32 Loury(1979) Dasgupta and Stiglitx(1980) Dixit(1986) I=0
Lee and Wilde(1980) Reinganum(1983) A=)

36

p=7+0Am
T =00

R&D

R&D

A= A(CF)



T R&D

R&D (t,t+ dt)

MK, T) exp{—A(K, I)t} t exp{—\(K, It}
I
R&D
R&D Cr I
R&D R&D R&D
R&D
(R&D ) L R&D
IE R&D
T>
Eole T (V(Ty)e (T2 T) _ /T [(r)e " dr — Cp)),
1
L R&D
L t R&D L(t)
T, L(Tx)=0 L(0)=L
L(t)
dL = —f(I)dt + oyV/ILdz — vdN(t),
33 N A v
2 f(I) A R&D I
f) fa)y=1I
3 34 R&D
K K K = E[K]
R&D t  K(t) ( )
T K(T») =0
K(0)=K K(t)
dK = —Idt 4+ o, VIKdzg + \eOmdzm,
Om Ok
2 R3$D
3
35
R&D
V(t) ==(t)/(n— px)
V(t)
d7V = puxdt + oxdw
33 Grossman and Shapiro(1986)
34 Pyndick(1993) R&D Meng(2008) Miltersen and
Schwartz(2004) Schwartz(2004)

35
Miltersen and Schwartz(2004)  Schwartz(2004)
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R&D Cr

A T R&D
w
W(V(0) = max Egle #T1{ . V()M (@)e M@ ET) gmn(t=T1) gy pESYeS Cr}]
N A G214 3V I
1 AMa)V(Th) /(A=) + 1 — px)
2 z/(p+ Az) +Cr R&D
VT —px)N (@) AMa") +p— 2" N(a") (58)
(Al*) + p = px)? (A(z*) + p)?
R&D (t<Ty) R&D w
%UE(VQW” +pux VW' — uW =0, (59)
2 t="T,
“ Az*)V* 3 x* 3
A Vo s Yo R
A(z*)
w(vT) = Az*) +p— px
(59)
W(V) = BVF,
B B
9(8) = 50*B(8 1) + b~ p=0
1 By >1) 2 v
B
— Br A& +p—px x*
io= B —1( A(z*) )()\(x*)—f—,u +Cr), (60)
— i Alz") _ z* _ *\—p1
b= ﬂl(A(ic*)‘i‘M—HX 1+ A(z*) Crv) (61
(60) Bi/(Br1—1)>1
Alz*) B x* x*
e TR L Ve EarR R Y EaTi
R&D
R&D
R&D
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10 6

36

dP
F = apdt + opdzp

dZP

C(P,t) C(P)=46P
t F(Pr), r=T-—1

1
dF = (—F, + EFPPU%Pz)dt + FpdP

1/Fp

dP  Pdt dF

PP PFRp

1
= (PFp)~[FpoP — 51«“Ppa,%P2 + F,]dt

1
5Fppaf,zﬂ + Fp(r—86)P—F, =0

F(P,0)=P
(62)

dF = Fp(ap — 7+ 0)Pdt + FpopPdzp

K,

36 Carr(1988) Geske(1979)
Trigeorgis(1996) 6

39

P
T
(62)
(t, t+dt)
r
(63)
K
\%4
Margrave(1978)



| 72 P
Q
(4 Jj=1 J=0
(G ¢ J q
V =V(P,Q,tj,¢) t
J Pi(Q,1)
Py (Q,1)
Py (Q,1) Y ={q, Po, P1, P2}

37 t (P, Q,t;5,7¢) Brennan and Schwartz

W(Pant,J,i/}) :q(P_A(q)) _M(l _j) _SJV_T

Ag) M &
1% ) T

Q

dQ = —qdt
38
V(PaQ’t) VP/FP
Y =V — (Vp/Fp)F
(63)

dV + 7 — ?dﬁ’ = [%@%PZ’VPP —qVo+Vi+q(P—A) — M(1—35) =T — &V + (r — §)PVpldt

P
1
5a,%szpp +(r—0)PVp —qVg+Vi+qP—A) — M1 —3j)—T=(r+§&)V (64)

V(P,Q,t) = mquV(P,Q,t; 1,9),
W(P,Q,t) = ijLXV(P,Q,t; 0,1)

V(P7Q7t) t W(Pant)
1
mgxx[iof;PQVpp + (r—=90)PVp—qVo+Vi+qP—-A)-T]=(r+£&)V, (65)
1
—O'JQDPQWPP + (T—(S)PWP-‘FV;: - M= (’l“-f—fo)W (66)

2

37

38

Cortazar, et. al.(2001)
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W(P()yQat) = 07
V(Ph Qvt) = ma’X[W(Pla Qat) - Kl(Qvt)v 0}7
W(P27Q7t) = V(P27Q7t) _KQ(Qvt)

Wp(Py,Q,t) = 0,

Vp(P1,Q,t) = Wp(P1,Q,t), W(P1,Q,t) > K1(Q,1) 3
= 0, W(P,Q,t) < Ki(Q,t) ,

Wp(P2,Q,t) = Vp(P,Q,t)

V(P,0,t) = W(P,0,t) =0

A M K1, K>

T(q, P) = t1qP + t2q{(1 — t;)P — A}

tl t2

q=4q 39

%O’IZJP2VPP +(r—=0)PVp +q* (1 —t1)(1 —t2)P — ¢*A(¢")(1 —t1) = (r + &)V

1
50123P2WPP + (r = 8)PWp = (r + &)W

(68)
W (P) = B, PP* + B,P"

(67)

mP n

V(P) = BsPP + B, PP "
(P) = BaP 4 BaP™ + e s~ ave

Schwartz(1985)

41

Brennan and



2 op
1 r—96 1 r—96 2(r + o)
_ L - o 2
o = 2 0123 \/(2 0'12_—,) 0123 ’
1 r—9¢ 1 r—96 2(r+&)
* - 2
ﬂl - 9 0_12) +\/(2 O’?;) O’?;
1 r—9¢ 1 r—9§ 2(r+&)
* _ - 2
/62 2 0_123 \/(2 0_123 ) + 0_123
(6o =&1) B =61, B2 =05
B1>1, B2 <0
W(P) = BP%
P n
V(P) = B,PP m
(P) * +§+6 E+r
Bl, B4 Pl’ P2
V(P,Q,t)
X(P,Q,t)

X(P7 Qa t) = H}P‘X e—u(to—t) HlaX[V(P, Qa tO) - I(P7 Qa tO)a 0]
0

V(P,Q,1)
Y =X - (Xp/Fp)F
(63)
Vp L 50
dX — F—PdF = [§UPP Xpp + (1" — 6)PXP +Xt}dt

1
SOBP Xpp + (1 = 0)PXp + X, = 1X.
X(0,Q,t) =0

X(P,Q,T)=0

42

By=DB3;=0

Xp/Fp

I(P,Q,1)

X(P,Q,1)



P*

X(P*vQyt) :V(P*)Qat)_I(P*vQ7t)

Xp(P*,Q,t) =Vp(P*,Q,t) — Ip(P*,Q,1)

( ) X, =0

1
5af,PZXPP +(r—86)PXp =rX.

X(P) = A, PP + A, PP

~ 1 r—9¢ 1 r—9¢ 2r ~ 1 r—9¢ 1 r—9¢ 2r
61=———2+\/<5— e —\/<5— e+ 2

2 9p p _123 op 9p op
X(0)=0 Ay =0 I P Q
3 pP* n
A (PP = By 4 I _1,
() (P -
AB(PYBETY = BuBy(PR) 4
151 (P7) 4B2(P") £+0
Ay
P A
(Br — Ba)Bu(P) + (B~ 1)~ Bi( + 1) =0
§+96 E+r
P*
P*
P p

11

Paddock, et. al.(1988)  Cortazar, et al(2001)
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40

Hsu and Scwartz(2003)

R&D

R&D

R&D

12

40Paddock, et. al.(1988)

L Trigeorgis(1996) Smit and Trigeorgis(2004)
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R&D

R&D

R&D

41 Trigeorgis(1993)

Cortazar, et al(2001)



R&D

Lambrecht and Perraudin(2003)

R&D
Appendix
Q Q
(i) beF
(i) FeF FeeF (F° F )

(lll) Ay, A, As,... €F A:UioilAiEf,

F Q o F P
S S=R"
o F S
T UesS
z F S
¢ T t
T 1 R!
[to, t1] [0, 7]
T xQ S S
w T 13
() ¢ ()
T S < 81 <83 < < Sy

5(80)75(51) - 5(80)7 s ’g(sm) - g(sm—l)

13 (independent increments)

12.1 ( )

45

NPV
Weeds(2002)
R&D
f
(Q,F,P)
x S
B(S)
(weLr(w)el)eF
o
§(t,-)
T
§£=¢(+0)
{(hw) @
T



(1). we w(tg) =0
(2). w
(3). w(t) —w(s) t,seT o2t — s
(4). we w(t)
Lipster and Shiryayev(1977) (Brownian motion)
(Wiener process)
Levy Lipster and

Shiryayev(1977) o oc=1

Elw@)|[F(s)] =w(s), 0<s <t

F(s) ( s
o ) E[-[F(s)]  F(s)

{z} (quadratic variation)

T _ 2 . e
(z,z)(t,w) = Altlkn—lm tz;t |z(tkt1, w) — 2(tk, w)|*, in Probability
k<

0=t <ta<tzg<---<t, =t, Atk:tk+1—tk, k=1,2,ldots,n — 1

Chung and Williams(1990) Karatzas and Shreve(1991) Protter(1990)
2

(w,w)(t) = o*t

dw(t)dw(t) = o*dt

2
#(t), t>0
F(t) (F(#) )
T
E / B(t)?dt < oo
0
T

1 2 Ap = [£, 5, k=0,1,2,... n
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(1).
(2)-
(3)-
(4)-

10} ty = k277"

¢(ta w) = Z €j (w)l[tj 1) (t)

i>0
¢
I(t) = [ ¢(u)dw(u) = Z ej(w)[w(tjir,w) —w(t;,w)]
0 >0

tp<t try = k27" tp >t tp =1

F(t)
12.1
f BxF F(t) E [ ¢(t)2dt < oo

Jo Fw)dw(u) t

Jo Fw)dw(u) — F(t)

Jo Fw)dw(u)

E [y fu)dw(u) =0, E(fy f(u)dw(u))® = E [; f*(u)du .

¢ ¢ t
(5). (Jo f)dw(u), 5 f(u)dw(u)(t) = [y f*(w)du .
(Dksendal(1985) Chung and Williams(1990)
Protter(1990)
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Analysis, NBER Working Paper.

47

. Andrew B. Abel(1985), A Stochastic Model of Investment, Marginal q and the Market Value of the

. Andrew B. Abel and Janice C. Eberly(1994), A Unified Model of Investment Under Uncertainty,

. Andrew B. Abel and Janice C. Eberly(1996), Optimal Investment with Costly Reversibility, Review

. Andrew B. Abel and Janice C. Eberly(1999), The Effects of Reversibility and Uncertainty on Capital

. Andrew B. Abel and Janice C. Eberly(2002), Investment and q with Fixed Costs: An Empirical



(22).

(23).

. Andrew B. Abel, Avinash K. Dixit, Janice C. Eberly, and Robert S. Pindyck(1996), Options, the

Value of Capital, and Investment, Quarterly Journal of Economics, 111(3), 753-777.

. Kenneth J. Arrow(1968), Optimal Capital Policy with Irreversible Investment, in J. N. Wolf(ed.),

Value, Capital, and Growth: pepers in Honour of Sir John Hicks, Edinburgh University Press.

. Jonathan B. Berk, Richard C. Green and Vasant Naik(2004), Valuation and Return Dynamics of

New Ventures, Review of Financial Studies, 17(1), 1-35.

. Fischer Black and Myron Scholes(1973), The Pricing of Options and Corporate Liabilities, Journal

of Political Economy, 81, 637-654.

. Michael J. Brennan and Eduardo S. Schwartz(1985), Evaluating Natural Resources Investment,

Journal of Business, 58(2), 135-157.

. Ben S. Bernanke(1983), Irreversibility, Uncertainty, and Cyclical Investment, Quarterly Journal of

Economics, 98(1), 85-106.

. Guiseppe Bertola and Ricardo J. Caballero(1994), Irreversibility and Aggregate Investment, Review

of Economic Studies, 61, 223-246.

. Ricardo J. Caballero and Robert S. Pindyck(1996), Uncertainty, Investment, and Industry Evolution,

International Economic Review, 37(3), 641-662.

. Peter Carr(1988), The Valuation of Sequential Exchange Opportunities, Jounral of Finace, 43(5),

1235-1256.

. Paul D. Childs, Steven H. Ott and Alexander J. Triantis(1998), Capital Budgeting for Interrelated

Projects: A Real Options Approach, Journal of Financial and Quantitative Analysis, 33(3), 305-334.

. Paul D. Childs and Alexander J. Triantis(1999), Dynamic R& D Investment Policies, Management

Science, 45(10), 1359-1377.

. K.L. Chung and R.J. Williams(1990), Introduction to Stochastic Integration, Birkhauser.

. Gonnzalo Cortazar, Eduard S. Schwartz and Jaime Casassus(2001), Optimal Exploration Invest-

ments under Price and Geological-Technical Uncertainty: a Real Options Model, R&D Management,
31(2), 181-189.

. Partha Dasgupta and Joseph Stiglitz(1980), Uncertainty, Industrial Stucture, and the Speed of R&D,

Bell Journal of Economics, 11, 1-28.

. Avinash Dixit(1988), A General Model of R&D Competition and Policy, Rand Journal of Economics,

19(3), 317-326.

Avinash Dixit(1989), Entry and Exit Decisions under Uncertainty, Journal of Political Economy,
97(3), 620-638.

Avinash K. Dixit and Robert S. Pindyck(1994), Investment Under Uncertainty, Princeton University
Press.( )

48



(30).

(31).

(32).

(33).

(39).

(40).

(41).

J. L. Doob(1953), Stochastic Processes, John Wiley & Sons.

. Darrell Duffie(1992, 2001), Dynamic Asset Pricing Theory, the third edition, Princeton University

Press.( )

. Wendell H. Fleming and Raymonnd W. Rishel(1975), Deterministic and Stochastic Optimal Control,

Springer-Verlag.

. Robert Geske(1979), The Valuation of Compound Options, Journal of Financial Economics, 7(1),

63-81.

. Gene M. Grossman and Carl Shapiro(1986), Optimal Dynamic R&D Programs, Rand Journal of

Economics, 17(4), 581-593.

. Sebatian Gryglewicz, Kuno J. M. Huisman, and Peter M. Kort(2008), Finite Project Life and Un-

certainty Effects on Investment, Journal of Economic Dynamics and Control, 32, 2191-2213.

Jason C. Hsu and Eduardo S. Schwartz(2003), A Model of R&D Valuation and the Design of Research
Incentives, Anderson School, UCLA, Working Paper.

Toannis Karatzas and Steven E. Shreve(1991), Brownian Motion and Stochastic Calculus, second

edition, Springer-Verlag.( )
Ioannis Karatzas and Steven E. Shreve(1998), Methods of Mathematical Finance, Springer-Verlag.

Samuel Karlin and Howard M. Taylor(1975), A First Course in Stochastic Processes, Academic
Press.

. Samuel Karlin and Howard M. Taylor(1981), A Seccond Course in Stochastic Processes, Academic

Press.

. Tom Lee and Louis L. Wilde(1980), Market Structure and Innovation: A Reformulation, Quarterly

Journal of Economics, 94, 429-436.

. Glenn C. Loury(1979), Market Structure and Innovation, Quarterly Journal of Economics, 93, 395-

410.

. Brt Lambrecht and William Perraudin(2003), Real Options and Preemption under Incomplete In-

formation, Journal of Economic Dynamics and Control, 27, 619-643.

. R. S. Liptser and A. N. Shiryayav(1977), Statistics of Random Processes I: General Theory, Trans-

lated by A. B. Aries, Springer-Verlag.

Sman Majd and Robert S. Pindyck(1987), Time To Build, Option Value, and Investment Decisions,

Journal of Financial Economics, 18(1), 7-27.

William Margrave(1978), The Value of an Option to Exchange One Asset for Another, Journal of
Finance, 33(1), 177-186.

Koichi Mashiyama(2009), The Effects of Uncertainty and Irreversibility on Investment, Meiji Gakuin

University Department of Economics, Discussion Paper no.09-01.

49



(54).

(55).

(56).

. Robert McDonald and Daniel Siegel(1985), Investment and the Valuation of Firms When There is

an Option to Shut Down, International Economic Review, 26(2), 331-349.

. Robert McDonald and Daniel Siegel(1986), The Value of Waiting to Investment, Quarterly Journal

of Economics, 101(4), 707-728.

. Kristian R. Miltersen and Eduardo S. Schwartz(2004), R&D Investments with Competitive Interac-

tions, Review of Finace, 8, 355-401.

. Robert C. Merton(1973a), An intertemporal Capital Asset Pricing Model, Econometrica, 41(5),

867-887.

. Robert C. Merton(1973b), Theory of Rational Option Pricing, Bell Journal of Economics, 29, 141-

183.

. Robert C. Merton(1990), Continuous-Time Finance, Blackwell.
. Marek Musiela and Marek Rutkowski(1997), Martingale Methods in Financial Modelling, Springer.

. Salih N. Neftci(2000), An Introduction to the Mathematics of Financial Derivatives, second edition,

Academic Press. ( )

. Bernt @ksendal(1985,2005), Stoshatic Differential Equations, sixth edition, Springer-Verlag.(

)

. James L. Paddock, Daniel R. Siegel and James L. Smith(1988), Option Valuation of Claims on Real

Assets: The Case of Offshore Petroleum Leases, Quarterly Journal of Economics, 103(3), 479-508.

. Robert S. Pindyck(1982), Adjustment Costs, Uncertainty and the Behavior of the Firm, American

Economic Review, 72(3), 415-427.

. Robert S. Pindyck(1988), Irreversible Investment, Capacity Choice, and the Value of the Firm,

American Economic Review, 78(5), 969-985.

Robert S. Pindyck(1991), Irreversibility, Uncertainty, and Investment, Journal of Economic Litera-
ture, 29(3), 1110-1148.

Philip E. Protter(1990), Stochastic Integration and Differential Equations, Springer.

Jennifer Reinganum(1983), Uncertain Innovation and the Persistence of Monopoly, American Eco-
nomic Review, 73(4), 741-748.

. Daniel Revuz and Marc Yor(1991), Continuous Martingales and Brownian Motion, Springer.
. H.L. Royden(1968), Real Analysis, second edition, Macmillan.

. Sudipto Sarkar(2000), On the Investment-Uncertainty Relationship in a Real Options Model, Journal

of Economic Dynamics and Control, 24 219-225.

. Han T.J. Smit and Lenos Trigeorgis(2004), Strategic Investment: Real Options and Games, Prince-

ton University Press.

50



(64).

(65).

(66).

. Eduard S. Schwartz(2004), Patents and R&D as Real Options, Economic Notes, 33, 23-54.

. Steven E. Shreve(2004), Stochastic Calculus for Finance II: Continuous-Time Models, Springer.(

)

. Lenos Trigeorgis(1993), The Nature of Option Interactions and the Valuation of Investments with

Multiple Real Options, Journal of Financial and Quantitative Analysis, 28(1), 1-20.

Lenos Trigeorgis(1996), Real Options: Managerial Flexibility and Strategy in Resource Allocation,
MIT Press.

Helen Weeds(1999), 'Reverse Hysteresis”: R&D Invetment with Stochastic Innovation, Warwick
University, Working Paper.

Helen Weeds(2002), Strategic Delay in a Real Options Model of R&D Competition, Review of
Economic Studies, 69, 729-747.

. Kit Pong Wong(2007), The Effect of Uncertainty on Investment Timing in a Real Options Model,

Journal of Economic Dynamics and Control, 31, 2152-2167.

51



